We provide a transmission line representation for channels exhibiting spin-momentum locking (SML) which can be used for both time-dependent and steady-state 1D transport analysis on a wide variety of materials with spin-orbit coupling such as topological insulators, heavy metals, and narrow bandgap semiconductors. This model is based on the time-dependent semiclassical equations obtained from the Boltzmann formalism under linear response approximation using four electrochemical potentials for four groups of electronic states (U + , D + , U − , and D − ) depending on the spin index (U , D) and the sign of the x-component of the group velocity (+, −). A key parameter in this formalism is the degree of SML described by p0 = (M − N ) / (M + N ), M and N being number of modes for U + , D − and U − , D + groups respectively. For normal metal channels (p0 = 0), the model decouples into the well known transmission line model for charge and the time-dependent version of Valet-Fert equation respectively. Our model shows that the charge and spin signals travel with two distinct velocities resulting in well-known spin-charge separation which is expected to persist even in the presence of SML i.e. p0 = 0. Similar arguments have been discussed previously although there exists counter argument that the spin-orbit coupling may destroy the spin-charge separation. However, our model predicts that the lower velocity signal is purely spin while the higher velocity signal is largely charge with an additional spin component proportional to p0, which has not been noted before.
I. INTRODUCTION
Background : Transport properties in materials with spin-orbit coupling (SOC) are of great interest for potential spintronic applications, especially because of unique spin-momentum locking (SML) observed in diverse classes of materials such as topological insulator (TI) [1] [2] [3] , heavy metals [4] [5] [6] [7] [8] [9] , and narrow bandgap semiconductors [10] [11] [12] . There has been an immense effort to model the interplay between spin and charge in such materials using time-dependent classical [13] or quantum Boltzmann equation [14, 15] , nonequilibrium Green's function [16] [17] [18] [19] [20] , phenomenological equations coupled to magnet dynamics [21] , and time-independent diffusion equation used to explain bulk spin Hall effect [22] .
Previously, we proposed a time-independent semiclassical model for such materials exhibiting SML [23, 24] , obtained from the Boltzmann formalism using four electrochemical potentials for four groups of electronic states (U + , D + , U − , and D − ) depending on the spin index (U , D) and the sign of the x-component of the group velocity (+, −). This classification can be viewed as a combination of the two well-known approaches for normal metals: (i) Valet-Fert equation with two electrochemical potentials for U and D states [25] and (ii) mesoscopic view with * ssayed@purdue.edu † datta@purdue.edu two electrochemical potentials for + and − states [26] . In our generalized view, U + (and U − ) states have same number of modes M (and N ) as D − (and D + ) states due to time reversal symmetry. The degree of SML is given by [23, 24] 
where M and N are evaluated at Fermi energy for zero temperature and in general require thermal averaging. For normal metal (NM) channels p 0 = 0 i.e. M = N . For a perfect topological insulator (TI) p 0 = 1 i.e. N = 0, however, gets effectively lowered by the presence of parallel channels. p 0 has been quantified for different TIs by a number of groups [27] [28] [29] [30] [31] [32] [33] by measuring the charge current induced spin voltage using a ferromagnetic (FM) contact, motivated by a theoretical proposal [20] . For a Rashba channel with a coupling coefficient
1 [12, 20] which can be quantified with similar spin voltage measurements [10, 11] . k F and E F are the Fermi wave vector and Fermi energy respectively. Recently, spin voltage measurements have been reported on heavy metals like platinum [34, 35] and gold [36] . Moreover, our semiclassical model predicted a unique three resistance state on SML channel with two FM contacts in a multi-terminal spin valve structure [23] , which was recently observed on a heavy metal [34, 35] . These experiments can be quantified by p 0 , however, the underlying mechanism is subject to active debate [37] [38] [39] and could involve a bulk spin Hall effect [7, 22, 40] interface Rashba-like channel [8, [41] [42] [43] .
This Work : In this paper, we extend our prior semiclassical equations [23] to include time-dependence and translate it to a transmission line model with two component (charge and z-component of spin) voltages and currents. The model can be used for both time-dependent and steady-state 1D transport analysis on multi-contact based structures implemented with materials exhibiting SML. This model is a new addition to our multi-physics spin-circuit framework [44] which has been previously used to explain experiments and evaluate spin-based device proposals [45, 46] .
For NM channels (i.e. p 0 = 0), the model decouples into well-known transmission line model for charge [47] [48] [49] and time-dependent version of Valet-Fert equation [25] respectively. The model suggests that depending on the channel cross-section, the charge signal can travel faster than the spin signal resulting in well-known spincharge separation [47, [50] [51] [52] , which we argue is true even for channels with SML i.e. p 0 = 0. Spin-charge separation has been discussed in the past considering the presence of spin-orbit coupling (SOC) [53] [54] [55] although there exists counter arguments that the presence of SOC destroys the spin-charge separation [56] . However, we predict that the charge signal in SML channels accompanies an additional spin component proportional to p 0 having the same velocity as the charge, which has not been discussed before.
Note that the proposed model does not take into account effects such as spin precession, which involves offdiagonal elements of the density matrix which we assume to be negligible. An extension of this model to include x and y components of spin could possibly address such issues, as done earlier for materials without SOC (see [45] , and references therein).
Outline: The paper is organized as follows. In Section II, we describe the transmission line model and discuss the spin-charge separation in terms of spin and charge signal velocities. We show that in channels with SML there exists an additional spin component accompanied by the charge signal. In Section III, we derive the transmission line model starting from the 1D Boltzmann transport equation with four electrochemical potentials and extract the model parameters in terms of microscopic quantities. We discuss different scattering mechanisms in the channels and their effects on charge and spin transport. In Section IV, we incorporate external contact which can be either normal metal or ferromagnet and discuss different effects on channel. Finally, in Section V we end with a brief summary.
II. TRANSMISSION LINE MODEL
Charge and Spin Models: The model has two components: charge and z-component of spin with coupling 2)) and (b) spin (corrseponds to Eq. (3)), with coupling between them described by degree of SML p0 (see Eq. (1)). Coupling between charge and spin are modeled by dependent voltage and current sources with Vm = ηcVs, Vn = ηsVc + rmIem, and In = γsIc − gmVem.
between them characterized by p 0 . The charge equations (also see Fig. 1(a) ) are given by
and the spin equations (also see Fig. 1(b) ) are given by
where C E and C Q are the electrostatic and quantum capacitances per unit length, L M and L K are the magnetic and kinetic inductances per unit length, R c and R s are the charge and spin resistances per unit length, and G sh is the shunt spin conductance per unit length which captures the spin lost in the channel due to the spin relaxation. I em is the current flowing through the electrostatic capacitor and V em is the voltage across the magnetic inductor. r m and g m are transient charge-spin coupling coefficient which are in the units of resistance and conductance per unit length respectively and depend on the scattering processes in the channel. Here, I c , I s and V c , V s are charge and spin currents and voltages alongx-direction. Spin polarization is in theẑ-direction andŷ-direction is out-of-plane. Detailed derivation of Eqs. (2) and (3) will be discussed in the next section where the model parameters will be extracted in terms of microscopic quantities in the channel.
For NM channels (p 0 = 0), the charge model in Eq. (2) reduces to the well-known transmission line model for charge transport in quantum wires, first derived from Luttinger liquid theory [47, 48] and then from Boltzmann transport equation with one electrochemical potential [49] . For p 0 = 0, the spin model in Eq. (3) can be considered as time-dependent form of Valet-Fert equation [25] . Similar spin model was previously proposed based on Luttinger liquid theory [47] which did not take into account the spin relaxation processes in the channel. We consider spin relaxation process by shunt spin conductance G sh which comes straight from 1D Boltzmann formalism with four electrochemical potentials.
Charge and Spin Velocity: The velocities for charge and spin signals can be derived by finding the eigenvalues of Eqs. (2) and (3) assuming low loss limit. In addition, we find the corresponding eigenvectors as well to analyze the coupling between spin and charge in the channel due to SML. See Appendix A for the detailed derivation.
The lower velocity eigenvalue is given by
which is determined by quantum capacitance C Q and kinetic inductance L K , resulting in thermally averaged electron velocity v x . The corresponding eigenvector is given by
which shows that the lower velocity signal is purely spin and no charge accompanies the signal even in channels with SML i.e. p 0 = 0. The higher velocity eigenvalue is given by
where C ef f is a series combination of C E and C Q and L ef f is a series combination of L M and L K . The corresponding eigenvector is given by
, and
which shows that the higher velocity signal is largely charge which will be accompanying an additional spin signal proportional to p 0 which has not been discussed before. This additional spin component vanishes in a NM channel where there is no SML (i.e. p 0 = 0) and the signal is purely charge. Further evaluation of this high velocity spin component we leave as future work.
The quantum capacitance C Q is proportional to the total number of modes (M + N ) in the channel while the kinetic inductance L K is inversely proportional to M + N . M + N is proportional to the channel width (for 2D) or cross-sectional area (for 3D) [57] . For a conductor with very large cross-section, we have C E C Q and L M L K which makes the velocity in Eq. (6) equal to the speed of light c = 1/ √ L M C E . On the contrary, for a conductor with very small cross-section like quantum wires, we have C E C Q and L M L K yielding velocity in Eq. (6) equal to the thermally averaged electron velocity v x = 1/ L K C Q , same as Eq. (4). Thus depending on the channel cross-section, the charge signal can propagate at a velocity in the range: v x ≤ v g,c ≤ c, which has been discussed earlier in the context of transport in quantum wires with no SML (p 0 = 0) [47, 49] .
Spin-Charge Separation: Eqs. (4) and (6) suggest that depending on the cross-section of the channel, the spin signal travels slower than the charge signal (v g,s ≤ v g,c ) resulting in spin-charge separation, which is wellestablished for channels without SML (i.e. p 0 = 0) from Luttinger liquid theory (see for example, Refs. [47, [50] [51] [52] , and references therein). Note that the arguments from Eqs. (4) and (6) are independent of p 0 (see Appendix A) and spin-charge separation persists even in channels with SML (i.e. p 0 = 0). Similar arguments have been discussed previously by considering spin-orbit coupling (SOC) [53] [54] [55] although there exists argument that the presence of SOC may destroy the spin-charge separation [56] . We argue from Eqs. (4)-(7) that these two distinct velocities persist (v g,c and v g,s ) even in the channels with SOC exhibiting SML (i.e. p 0 = 0), however, in SML channels an additional spin signal proportional to p 0 accompanies the charge signal at the same velocity as the charge (v g,c ).
III. SEMICLASSICAL FORMALISM

Boltzmann Transport Equation:
In this section, we derive the transmission line model in Eqs. (2) and (3) assuming a structure where the spatial variations and the applied fields are alongx-direction. We start from the time-dependent Boltzmann transport equation, given by
where f ≡ f (x, t, p, s) is the occupation factor of a state for a particular position x, time t, momentum p and spin index s = ±1, f ≡ f (x, t, p , s ) with momentum p and spin index s = ±1, v x = ∂E/∂p x is the x-component of the group velocity, F x = −∂E/∂x is the force on electrons alongx-direction, and E is the total energy. Note that the spin index +1 and −1 correspond to up (U ) and down (D) spin polarized states for a particular p. We have assumed elastic scattering so that the scattering rates are same in both directions
We write the occupation factor f in terms of an electrochemical potential µ ≡ µ(x, t, p, s), in the form
where k B is the Boltzmann constant, T is the temperature. Linear Response: We apply a variable transform ξ = E − µ on the left hand side of Eq. (8) . On the right hand side of Eq. (8), we expand both f and f into Taylor series around
with constant electrochemical potential µ 0 and apply linear response approximation. Thus Eq. (8) can be written as (see Appendix B for details of the derivation)
We neglect the term F x (∂µ/∂p x ) under the linear response approximation [57] as
Dispersion Relation: We start from the following Rashba Hamiltonian
(13) Here, I 2×2 is a 2 × 2 identity matrix, p and A are the momentum and vector magnetic potential respectively in the z-x plane, σ is the Pauli's matrices, v 0 is the Rashba coefficient, U E is the electrostatic potential, m is the electron mass, and q is the electron charge. Eigenstates of Eq. (13) are given by
with p is confined to the z-x plane. We assume that U E and A varies slowly with x and t, so that in the semiclassical approximation we have
(14) Differentiating Eq. (14) with respect to t yields
where v = ∇ p E (see Appendix C for the derivation). Electromagnetics: The electrostatic potential U E is related to the total charge Q by the electrostatic capacitance C E as U E /q = Q/C E . The vector magnetic potential A is related to the charge current in the channel by the magnetic inductance L M . We assume A ≡xA x =xL M I c where I c is the charge current alonĝ x-direction. Thus Eq. (15) can be written as
We combine Eq. (12) with Eq. (16) to get
Classification: We classify all p, s states into four groups based on the sign of v x (+ or −) and the spin index s = ±1, given by :
where s = +1 and −1 denote up (U ) and down (D) spins with respect to the spin quantization axis defined byŷ × p − q A , which is different for each direction of p. Such classification can be mapped onto the two Fermi circles of a Rashba channel (see Fig. 2(a) ). The large circle corresponds to U + and D − groups which share the same number of modes n m (U + ) = n m (D − ) = M satisfying the time-reversal symmetry. Similarly, the small circle corresponds to U − and D + groups sharing the same number of modes n m (U − ) = n m (D + ) = N . Note that the eigenstates belonging to each of the four half Fermi circles in Fig. 2(a) has an average spin polarization alonĝ z-direction with an averaging factor of α = 2/π, which we will use later when writing spin currents and voltages.
Averaging: We define the thermal average of a variable ψ ≡ ψ( p, s) within each of the group p, s ∈ as
We sum both sides of Eq. (17) over all p states within range p, s ∈ in the z-x plane as
Here, D 0 ( ) is the thermally averaged density of states within p, s ∈ given by
where the factor of 2 appeared since we are summing over all s states. Note that
We make the following assumption in Eq. (20)
which yields
(22) Note that the term i ext /q on the right hand side has been added to take into account the total current entering into p, s ∈ states of the channel an external contact.
The number of modes within p, s ∈ in the channel is given by [57] 
where | v x | is the magnitude of v x and L is the channel length. Note that | v x | is same in all four groups for the Rashba Hamiltonian considered here (see Appendix C).
Thus Eq. (22) can be written as
where
The scattering matrix is such that the sum of each column is zero satisfying the charge conservation and the sum of each row is zero satisfying the zero current requirement under equal potential. The scattering rates are given bŷ
In addition, the time-reversal symmetry requires that
There are three types of scattering processes considered in the channel: (18) is given as 2(b) ), which will be discussed in the next section. In steady-state, Eq. (27) reduces to our prior model [23] .
Charge-Spin Conversion: The charge and spin voltages and currents in the channel are defined in terms of the four average electrochemical potentials as [24] 
where α = 2/π is an angular averaging factor for average z-spins on a half Fermi circle (see Fig. 2(a) ) [20, 23, 24] and R B = h/q 2 (1/ (M + N )) is the ballistic resistance of the channel. See Appendix E for derivation. Combining Eq. (27) 
with the external contact terms given by
where i c and i s represent charge and spin currents entering into the channel from the external contact, ∆v c and ∆v s represent the change in channel charge and spin voltages in the region under the external contact. These contact related terms will be discussed in detail in the next section. Note that ∂Q/∂t on the right hand side of Eq. (29) related to the charge currents according to the continuity equation as
Transmission Line Model Parameters: We combine Eq. (29) with Eq. (31) to get
with the following model parameters:
V n = η s V c + r m I em , and I n = γ s I c − g m V em . Eqs. (32)- (33) are same as Eqs. (2)- (3) with the external contact terms. Mean Free Paths: We have three distinct mean free paths in Eq. (29), given by
where λ, λ 0 , and λ s determine the series charge resistance R c , the series spin resistance R s , and the shunt spin conductance G sh respectively. G sh takes into account the spin relaxation process. The other terms of Eq. (29) are given by
representing spin-charge coupling involving scattering rates. Here, λ s and λ cause a charge induced spin signal and spin induced charge signal respectively. λ s and λ are non-zero for r s1 /M = r s2 /N even if M = N (i.e. normal metal), which indicate a purely scattering induced spin-charge coupling. To avoid this, we assume that the reflection with spin flip per mode per unit length is same in the channel (i.e. r s1 /M = r s2 /N ), which leads to
IV. MODEL WITH EXTERNAL CONTACT
In this section, we incorporate external contact into our transmission line model in Fig. 1 . The currents from the external contact in Eq. (27) are given by [23] 
q ,
Here, v u and v d are up and down spin voltages at the external contact respectively. g u and g d are up and down spin conductances per unit mode per unit length of the contact. The contact can be either NM (
Combining Eqs. (30) and (36), the external contact terms are derived as
where (37) and (38) . Note that the model reduces to that shown in Fig. 1 in the limit G0 → 0.
per unit length. p f = 0 corresponds to NM contact. The transmission line model with external contact is shown in Fig. 3 with external contact related components indicated with blue color. Note that the model in Fig. 3 reduces to that shown in Fig. 1 in the limit G 0 → 0. The model can be incorporated in a circuit solver like SPICE and we can attach a number of such models (with or without contact) in a distributed manner using standard circuit rules to simulate a structure of interest. Here, i c and i s in Eq. (37) are the charge and spin currents respectively entering the channel from the external contact. The diagonal terms are charge and spin conductances G 0 of the contact respectively. The off-diagonal terms are modeled with dependent current sources parallel to the charge and spin contact conductances, depending on the currents through the spin and charge contact conductances with gain factors p f /α and αp f respectively. The terms ∆v c and ∆v s in Eq. (38) represent additional change in the channel region under the contact, which have been modeled using additional series components with the parameters:
. Note that these parameters are proportional to G 0 and negligible for potentiometric contacts where G 0 is low. Eq. (37) has been used in our earlier spin-circuit approach as FM|NM interface module (see for example, [45, 46] , and references therein) and effects in Eq. (38) was ignored.
Presence of any contact (FM or NM) with conductance G 0 increases the effective channel resistance by R cont for both charge and spin, irrespective of p 0 . This effect exists even if the channel is NM, which we have further evaluated in Appendix F using standard mesoscopic view [26] with two electrochemical potentials for forward and backward moving states. R cont is negligible for low contact conductance and increases proportional to G 0 . This corresponds a reduction in channel current under a highly conductive contact. If the contact is FM (i.e. p f = 0), there is an additional voltage change in charge and spin models (see Fig. 3 ), which are proportional to the voltage drop across R cont in spin and charge models (V s cont and V c cont ) respectively. In addition to the effects mentioned above, in a channel with SML there is an additional change in charge and spin voltages alongx-direction in the channel by p 0 V 0,c and p 0 V 0,s respectively.
Steady-State Model : At steady-state (∂/∂t → 0), the transmission line model in (32) and (33) becomes
The steady-state form with two components: charge and z-polarization of spin is equivalent to our prior proposed time-independent semiclassical equations with four electrochemical potentials [23] and all our previous results can be reproduced from Eq. 
where the spin diffusion length is given by
We have proposed a two component (charge and zcomponent of spin) transmission line model for channels with spin-momentum locking (SML) which can be applied to diverse classes of materials e.g. topological insulators, heavy metals, and narrow bandgap semiconductors. A steady-state version of the model has been previously used to make novel predictions on SML channels [23] some of which have already been observed experimentally. The model presented here is a new addition to our experimentally benchmarked and SPICE compatible multi-physics framework [44] [45] [46] , which will enable both time-dependent and steady-state analysis on SML channels. The model is derived from time-dependent Boltzmann transport equation with four electrochemical potentials for four groups of states (U + , D + , U − , and D − ) depending on the sign of z-component of spin (up (U ) or down (D)) and the sign of x-component of group velocity (+ or −). Such classification in steady-state, can be viewed as a combination of the Valet-Fert equation [25] with the mesoscopic view [26] , widely used for normal metal channels. For a normal metal channel, the timedependent model presented here decouples into (i) the well-known transmission line model for charge transport in quantum wires [47] [48] [49] and (ii) the time-dependent version of Valet-Fert equation [25] . Our model shows the expected spin-charge separation with two distinct velocities for charge and spin, which persist even in channels exhibiting SML. However, the lower velocity signal is purely spin while the higher velocity signal is largely charge with an additional spin component proportional to the degree of SML.
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In order to find the velocities, we first ignore the lossy term linear with {V c , V s , I c , I s } T assuming low loss limit and then apply ∂/∂t ≡ −jω and ∂/∂x ≡ jk where ω and k are angular velocity and wave vector respectively. Noting that the signal velocity is given by
(A2) and the eigenvalues give the velocities in Eqs. (4) and (6) . For a particular eigenvalue v g , we can write the following equation from Eq. (A2)
For the eigenvalue We apply a variable transformation ξ(x, t, p, s) ≡ E(x, t, p, s) − µ(x, t, p, s) on the left hand side of Eq. (8), which yields
We first substitute F x = − ∂E ∂x and v x = ∂E ∂p x . Finally, we set ∂f ∂ξ = ∂f 0 ∂E to get the left hand side of Eq. (12).
On the right hand side of Eq. (8), we expand both f and f into Taylor series around f 0 = 1 (1 + exp ((E(x, p, s) − µ 0 )/k B T )) with constant electrochemical potential µ 0 .
We set ξ (x, t, p , s ) ≡ E(x, t, p , s ) − µ(x, t, p , s ) and ξ 0 (x, p, s) ≡ E(x, p, s) − µ 0 and assume that ξ and ξ are close to ξ 0 which gives
We set ∂f ∂ξ ξ=ξ0 = ∂f ∂ξ ξ =ξ0 = ∂f 0 ∂E Thus the right hand side of Eq. (8) becomes
noting that E(x, t, p , s ) = E(x, t, p, s) in the elastic scattering limit.
This appendix provides the derivation of the scattering matrix in Eq. (25) . The scattering rate related term on the right hand side of Eq. (24) is evaluated using the condition in Eq. (III) as
For the group ≡ U + , D − , U − , and D + , we have from Eq. (D1) where f is given by Eq. (9) . Under the linear response approximation, we can write f (x, t, p, s) ≈ f 0 + − ∂f 0 ∂E (µ (x, t, p, s) − µ 0 ) (E2)
where, f 0 is given by Eq. (10) with constant electrochemical potential µ 0 . Thus from Eq. (E1), we can write
where D 0 ( ) is given by Eq. (21) and the averaging is defined by Eq. (19) .
We assume the following v x µ p,s∈ ≈ v x µ p,s∈ , which results in
where n m ( ) is given by Eq. (23).
Charge Current
The charge current in the channel is given by
which in conjunction to Eq. (E4) yields 
Thus the expression for charge current is given by
where we definedμ = µ − µ 0 .
Spin Current
The spin current in the channel is given bỹ
where α = 2/π is an angular averaging factor to take into account the averageẑ · s on a half Fermi circle (see Fig.  2(a) ). Eq. (E9) in conjunction to Eq. (E4) yields
Applying the condition in Eq. (E7), we have the expression for channel spin current as 
